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We investigate transport through a single-level quantum dot coupled to noncollinearly magnetized
ferromagnets in the presence of localized spins in either the tunnel barrier or on the quantum dot.
For a large, anisotropic spin embedded in the tunnel barrier, our main focus is on the impurity
excitations and the current-induced switching of the impurity that lead to characteristic features in
the current. In particular, we show how the Coulomb interaction on the quantum dot can provide
more information from tunnel spectroscopy of the impurity spin. In the case of a small spin on the
quantum dot, we find that the frequency-dependent Fano factor can be used to study the nontrivial,
coherent dynamics of the spins on the dot due to the interplay between exchange interaction and
coupling to external and exchange magnetic fields.
PACS numbers: 73.23.Hk,85.75.-d,72.70.+m,71.70.Gm
I. INTRODUCTION
Recently, there has been growing interest in spin-
dependent transport through nanostructures due to pos-
sible applications for spintronics devices. Transport
through quantum dots coupled to ferromagnetic elec-
trodes is particularly interesting due to the interplay
of strong Coulomb interaction on the quantum dot and
nonequilibrium physics. Such systems have been realized
experimentally, e.g., by coupling self-assembled semi-
conducting quantum dots,1–5 small metallic grains,6–10
quantum dots defined in InAs nanowires,11 carbon nan-
otubes,12–16 or even single C60 molecules
17 to ferromag-
netic electrodes. Quantum dots coupled to ferromagnets
have been also studied extensively from a theoretical
point of view.18–31 Especially interesting are quantum-
dot spin valves, i.e., a single-level quantum dot coupled
to noncollinearly magnetized electrodes.32–39 Here, spin-
dependent tunneling leads to a spin accumulation on the
dot that in turn influences the transport through the sys-
tem by blocking the current. In addition, there is an ex-
change field acting on the dot spin. It is due to quantum
charge fluctuations on the quantum dot and relies on the
strong Coulomb interaction on the dot. It gives rise to
a precession of the accumulated spin, thereby lifting the
spin blockade of the dot. The resulting interplay of spin
accumulation and spin precession leads to a number of in-
teresting features in the transport characteristics, e.g., a
shift of the peaks in the linear conductance with the an-
gle enclosed by the magnetizations,32,33 a broad region
of negative differential conductance in nonlinear trans-
port33 as well as to characteristic features in the finite-
frequency Fano factor35 and a splitting of the Kondo res-
onance.27–31
While in the above studies all the spin dynamics takes
place in the singly occupied orbital of the quantum dot,
more complex spin dynamics appears when additional
spin excitations are possible. These may be spin waves
in the ferromagnetic leads, as discussed in Ref. 40. In
the present paper, we investigate a different situation,
namely, the coupling to a magnetic impurity either with
a large, anisotropic spin or with a spin 1/2.
We consider two different scenarios. In the first sce-
nario, a magnetic impurity with a large, anisotropic spin
is embedded in one of the tunnel barriers of a quantum-
dot spin valve. Here, our main focus is on the spec-
troscopy of the impurity spin as well as on its switching
by the spin-polarized current. We consider the impu-
rity spin in one of the barriers as this leads to a sim-
pler conductance pattern (only processes involving this
particular barrier can excite the spin), thereby simplify-
ing the analysis of the impurity spin behavior. Our sys-
tem is somewhat related to the case of transport through
single tunnel barriers containing a magnetic atom or a
single molecular magnet, that has been investigated ex-
tensively in the recent past, both from a theoretical41–49
as well as from an experimental50–56 point of view. It
was shown that the steps observed in the differential
conductance can be used to extract magnetic properties
such as anisotropies of the atomic spin.44–47,53 Further-
more, the influence of nonequilibrium spin occupations
was discussed,49 explaining the overshooting observed at
the conductance steps in experiment and predicting a
super-Poissonian current noise. The absence of certain
nonequilibrium features in turn was interpreted in terms
of an anisotropic relaxation channel. For systems with
magnetic electrodes, the possibility to switch the embed-
ded spin by the spin-polarized current through the barrier
was predicted theoretically42,43,48 and observed in exper-
iment.56
In the model studied in this paper, the tunnel barrier
containing the magnetic impurity connects a lead with
a quantum dot. The transport behavior is, in this case,
more complex since the spin dynamics of the embedded
impurity is coupled to the charge and spin degrees of free-
dom of the quantum dot. This has several consequences.
First, interference between direct and exchange tunnel-
ing through the barrier plays already a role for nonmag-
netic electrodes in transport to lowest order in the tunnel
coupling. This contrasts with the simpler case of a sin-
gle tunnel barrier with a magnetic impurity, for which
this interference only contributes for ferromagnetic elec-
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2trodes or in higher order transport.41,48,56,57 Second, we
demonstrate that the Coulomb charging energy of the
quantum dot can help to perform tunnel spectroscopy
on the embedded spin. Even if the excitation energy
between the ground state and the first excited state of
the impurity spin is larger than any other spin excitation
energy, all spin excitation energies are accessible when
additional charge states of the dot contribute to trans-
port through the system, which is not possible for the
single-barrier case. Third, we discuss a current-induced
switching of the impurity spin. The impurity state influ-
ence the spin accumulation on the quantum dot, which
in turn acts back on the current through the system,
leading to current oscillations as a function of the ap-
plied bias. Interestingly, these phenomena occur even for
small polarizations of the leads. While the current is only
sensitive to the average value of the spin, we find that
the zero-frequency Fano factor also contains information
about the spin dynamics. Finally, fourth, we point out
how monitoring the exchange field peak in the frequency-
dependent Fano factor can detect the switching of the
impurity spin for noncollinear magnetizations.
In the second scenario, we consider a S = 1/2 im-
purity side coupled to the spin of the electron on the
quantum dot. Here, our main aim is to describe the co-
herent dynamics of the two spins on the quantum dot.
We consider the case that the impurity spin is located
on the quantum dot, as this allows us to take the ex-
change coupling between electron and impurity spin into
account exactly. This model can serve to describe differ-
ent situations. First, it can describe transport through a
quantum dot that is doped with a magnetic atom. Trans-
port through a quantum dot doped with a single man-
ganese atom has already been studied theoretically. It
was shown how the frequency-dependent shot noise can
reveal the spin relaxation times.58 Furthermore, the elec-
trical control of the manganese spin state as well as the
back action of the spin state on transport have been in-
vestigated in the absence of Coulomb interaction in the
quantum dot.59
Second, our model can be used to describe the cou-
pling of the electron spin on the dot to a nuclear spin via
the hyperfine interaction. In general, such a coupling is
disadvantageous as it leads to decoherence of the electron
spin and therefore can lift, e.g., the Pauli spin blockade in
a double quantum dot.60–63 However, it can also be used
to dynamically polarize the nuclear spins in the quantum
dot which in turn may be used to control and manipulate
the electron spin.64–68
Transport through a quantum dot with a side-coupled
spin 1/2 was discussed in Ref. 69 for the case of non-
magnetic electrodes. It was shown how to extract the
system parameters such as the exchange couplings, the g
factors and spin relaxation times from measurements of
the current and Fano factor.
The case of noncollinearly magnetized ferromagnetic
electrodes was recently investigated by Baumga¨rtel et
al.70 for a large ferromagnetic exchange interaction. It
was shown that in addition to a spin dipole, a spin
quadrupole moment accumulates on the quantum dot,
driven by a quadrupole current.
In this work, we focus on the opposite regime of small
exchange interaction between the side-coupled impurity
and electron spin. This situation is particularly suited
for the description of the weak hyperfine interaction. We
discuss how the frequency-dependent Fano factor can be
used to experimentally access the strength of the ex-
change coupling for large and small external magnetic
fields. Furthermore, for the case of a weak external mag-
netic field, we show how the exchange field acting on the
electron spin (but not on the impurity spin) gives rise to
a highly nontrivial spin dynamics that manifests itself in
the frequency-dependent Fano factor.
Our paper is organized as follows. In Sec. II, we present
the models that describe a magnetic impurity with a
large, anisotropic spin localized in one tunnel barrier and
a small spin localized on the dot, respectively. We intro-
duce the real-time diagrammatic technique71–74 that we
use to calculate the transport properties in Sec. III. We
discuss the form of the reduced density matrix of the
quantum dot system and the generalized master equa-
tion it obeys for the two systems under investigation in
Sec. IV. Our results for the transport properties are pre-
sented in Sec. V for an impurity in the barrier and in
Sec. VI for an impurity on the dot. Finally, we conclude
by giving a summary and comparing our results for the
two models in Sec. VII.
II. MODEL
In this paper, we consider transport through a
quantum-dot spin valve, i.e., a single-level quantum dot
tunnel coupled to noncollinearly magnetized ferromag-
netic electrodes. We consider additional magnetic impu-
rities either with a large, anisotropic spin localized in the
tunnel barrier or with a spin S = 1/2 on the quantum
dot itself. In the following, we define the Hamiltonians
for these two cases, respectively.
A. Model A: Large spin in the barrier
Our model A, which is schematically shown in Fig. 1,
consists of a quantum-dot spin valve with an impurity
embedded in the right tunnel barrier. As already men-
tioned in Sec.I, we choose the impurity to be in the tun-
nel barrier, as this will lead to a simpler conductance
pattern, see Sec. V below, which allows to study the spin
excitations more easily. In this case, the Hamiltonian can
be written as the sum of four terms describing the two
electrodes, the quantum dot, the spin and the tunneling
between dot and lead,
H =
∑
r=L,R
Hr +Hdot +Hspin +
∑
r=L,R
Htun,r. (2.1)
3tL tR
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FIG. 1. (Color online) Schematic of model A, a quantum-
dot spin valve with a magnetic impurity localized in the right
tunnel barrier.
The first term,
Hr =
∑
k
∑
σ=±
εrkσa
†
rkσarkσ, (2.2)
describes the ferromagnetic electrodes in terms of nonin-
teracting electrons at chemical potential µr. We quantize
the electron spin in the direction of the magnetization
of the respective lead. The spin polarization is defined
as pr = (ρr+ − ρr−)/(ρr+ + ρr−), where ρrσ is the con-
stant density of states for majority (σ = +) and minority
(σ = −) spin electrons.
The quantum dot is described by
Hdot =
∑
σ=↑,↓
εc†σcσ + Uc
†
↑c↑c
†
↓c↓. (2.3)
Here, the first term characterizes the single, spin-
degenerate quantum dot level with energy ε measured
with respect to the Fermi energy of the leads in equilib-
rium. The charging energy U is needed to occupy the
quantum dot with two electrons. As indicated in Fig. 1,
we choose the quantization axis of the dot parallel to the
magnetization of the right electrode as this simplifies the
expressions for the tunnel Hamiltonian, see below.
The third term in Eq. (2.1) describes the magnetic im-
purity embedded in the right tunnel barrier as a localized
spin with Hamiltonian
Hspin = −DS2z −BSz. (2.4)
We model the spin of magnitude S as having a uniaxial
anisotropy D which favors the spin to be in the eigen-
states pointing along the z axis. We, furthermore, as-
sume the presence of a magnetic field B acting on the
impurity spin. For concreteness, we assume this field to
be pointing along the z direction. This choice is moti-
vated by the presence of stray fields from the ferromag-
netic electrode which have the tendency to align the im-
purity along the magnetization of the electrode. As for
the quantum dot, we quantize the impurity spin along
the direction of the magnetization of the right electrode.
The last part of the Hamiltonian (2.1) describes the
tunneling between the dot and the electrodes. For the
tL tR
J
ε
ε+UϕL ϕR
nL nR
FIG. 2. (Color online) Schematic of model B which consists
of a quantum-dot spin valve with a magnetic impurity on the
quantum dot.
coupling to the left lead, it takes the form
Htun,L =
∑
k
tL
[
a†Lk+
(
cos
ϕ
2
c↑ − sin ϕ
2
c↓
)
+a†Lk−
(
sin
ϕ
2
c↑ + cos
ϕ
2
c↓
)]
+ h.c., (2.5)
i.e., majority and minority spin electrons of the leads
couple to spin up and spin down states of the quantum
dot due to our choice of quantization axes. The coupling
to the right lead consists of two terms,
Htun,R =
∑
kσ
tRa
†
Rkσcσ +
∑
kαβ
jRa
†
RkαS · σαβcβ + h.c..
(2.6)
Here, σαβ denotes the vector of Pauli matrices. The first
part describes direct tunneling between the dot and the
leads. The second term describes exchange scattering
from the impurity spin.
The tunnel matrix elements tL and tR (which can
be chosen real) are related to the spin-dependent tun-
neling rates via Γrσ = 2pi|tr|2ρσ. The total tunnel
coupling is then given by Γr =
∑
σ Γrσ/2. Similarly,
for the exchange tunneling, we relate the correspond-
ing tunneling rate to its (real) matrix element by JR =
2pi|jR|2 ρ++ρ−2 . Furthermore, there will be a contribution
due to the interference between direct and exchange tun-
neling through the right barrier. It is characterized by
η
√
ΓRJR. Here, η = ±1 determines the sign of the in-
terference contribution which is governed by the relative
sign of tR and jR. The upper sign, η = +1 applies for
equal signs of tR and jR while the lower sign, η = −1
applies for different signs of tR and jR.
B. Model B: Small spin on the dot
Model B consists of a quantum-dot spin valve with an
additional spin localized on the quantum dot as shown
schematically in Fig. 2. Here, we restrict ourselves to the
case of a S = 1/2 impurity spin for two reasons. First
of all, this keeps the size of the Hilbert space small while
still giving rise to the nontrivial spin dynamics we are
4interested in. Second, for a larger spin that additionally
has some anisotropy, spin states would not be degenerate
any longer, thereby destroying the possibility to observe
the coherent spin dynamics, see also the discussion in
Sec. III. The total Hamiltonian now takes the form
H =
∑
r=L,R
Hr +Hdot +Htun, (2.7)
describing the electrodes, the dot containing the impurity
spin and the tunneling between dot and leads. The first
part, Hr, is identical to the one given in Eq. (2.2). For
the second term, we have
Hdot =
∑
σ=↑,↓
εc†σcσ +
B
2
(n↑ − n↓) + Un↑n↓
+BSz + J
∑
σσ′
c†σ
S · σσσ′
2
cσ′ , (2.8)
The first two terms describe the single dot level with en-
ergy ε and Zeeman splitting B due to an external mag-
netic field. For simplicity, we assume the magnetic field
to point along the quantization axis of the dot which
we choose perpendicular to the magnetizations of the
leads. The third term describes the Coulomb interaction
U which is needed to doubly occupy the quantum dot.
The fourth term describes the Zeeman energy of the ad-
ditional spin on the quantum dot. Here, we assume the
same g factor for the electrons on the dot and the im-
purity spin, for a discussion of a system where electron
and impurity spin have different g factors, cf. Ref. 69.
Finally, the last term describes an exchange interaction
between the spin of the electron on the dot and the im-
purity spin.
The eigenstates of the dot Hamiltonian (2.8) and their
corresponding energies are summarized in Table I. The
eight states can be classified according to the number of
electrons on the dot. For the empty and doubly occupied
dot, we have two states each that differ in energy by the
Zeeman energy B with the impurity spin pointing up
or down. For the singly occupied dot, we have in total
four states, three triplet (S = 1) and one singlet state
(S = 0). While the triplet states are energetically split
by the Zeeman energy, singlet and triplet are split by the
exchange coupling J .
The coupling between dot and leads is described by
the tunneling Hamiltonian
Htun =
∑
rk
tr
[
a†rk+
(
eiφr/2c↑ + e−iφr/2c↓
)
+a†rk−
(
−eiφr/2c↑ + e−iφr/2c↓
)]
+ h.c., (2.9)
where φL = −φR = φ/2 denotes half the angle enclosed
by the magnetizations.33 We relate the tunnel matrix ele-
ments tr to the tunnel couplings Γrσ as for the model dis-
cussed in Sec. II A. Instead of using the tunnel coupling
strength to the left and right lead, we can characterize the
Eigenstate Energy
|0 ↑〉 E0↑ = B/2
|0 ↓〉 E0↓ = −B/2
|T+〉 = | ↑↑〉 ET+ = ε+ J/4 +B
|T 0〉 = (| ↑↓〉+ | ↓↑〉)/√2 ET0 = ε+ J/4
|T−〉 = | ↓↓〉 ET− = ε+ J/4−B
|S〉 = (| ↑↓〉 − | ↓↑〉)/√2 ES = ε− 3/4J
|d ↑〉 Ed↑ = 2ε+ U +B/2
|d ↓〉 Ed↓ = 2ε+ U −B/2
TABLE I. Eigenstates of the dot Hamiltonian (2.8) and cor-
responding eigenenergies. The first entry in each ket denotes
the state of the quantum dot while the second entry charac-
terizes the impurity spin state.
dot-lead coupling alternatively by the total tunnel cou-
pling Γ = ΓL + ΓR and the asymmetry a = (ΓL − ΓR)/Γ
with −1 < a < 1.
III. TECHNIQUE
In order to evaluate the transport properties of the two
systems under investigation, we make use of a real-time
diagrammatic technique71–74 and its extension to sys-
tems with noncollinearly magnetized ferromagnetic elec-
trodes.32,33 The basic idea of this approach is to inte-
grate out the noninteracting degrees of freedom of the
electrodes. We, then, arrive at an effective description of
the remaining, strongly interacting subsystem in terms
of its reduced density matrix ρred.
We denote by Pχ1χ2 = 〈χ1|ρred|χ2〉 the elements of the
reduced density matrix, where |χ1〉 and |χ2〉 are eigen-
states of the reduced system. The time evolution of the
reduced density matrix elements is governed by a set of
generalized master equations,
P˙χ1χ2 = −i(εχ1 − εχ2)Pχ1χ2 +
∑
χ′1χ
′
2
W
χ1χ
′
1
χ2χ′2
P
χ′1
χ′2
. (3.1)
The first term on the right-hand side describes the co-
herent evolution of the reduced system. The second term
describes the dissipative coupling to the electrodes. The
generalized transition rates W
χ1χ
′
1
χ2χ′2
are defined as irre-
ducible self-energies of the dot propagator on the Keldysh
contour. They can be evaluated diagrammatically in a
perturbation expansion in the tunnel coupling strength
Γ. The corresponding diagrammatic rules are summa-
rized in Appendix A.
Expanding the density matrix elements as well as the
generalized transition rates in a power series in the tunnel
coupling Γ, we find that in the stationary limit the master
equation for the off-diagonal matrix elements to leading
order in the tunnel couplings takes the form
0 = −i(εχ1 − εχ2)Pχ1χ2 (3.2)
5if εχ1 − εχ2  Γ. As a consequence, coherent super-
positions between states whose energy difference is large
compared to the tunnel coupling have to be neglected
in the sequential tunneling regime. On the other hand,
for superpositions that satisfy εχ1 − εχ2 . Γ, the master
equation in the stationary limit takes the form
0 = −i(εχ1 − εχ2)Pχ1χ2 +
∑
χ′1χ
′
2
W
χ1χ
′
1
χ2χ′2
∣∣∣
εχ1=εχ2
P
χ′1
χ′2
(3.3)
to lowest order in the tunnel coupling. Here, the general-
ized transition rates have to be evaluated at εχ1−εχ2 = 0
in order to consistently neglect all effects of order Γ2.
Hence, in this case, the coherences will not vanish in
general.
We define the current through the system as the av-
erage of the currents through the left and right tunnel
barrier, I = (IL − IR)/2. It is given by
I =
e
2~
eTWIP. (3.4)
Here, we introduced the vector P which contains all den-
sity matrix elements written as a vector to allow for a
compact notation. The vector eT is a vector containing
a 1 if the corresponding entry in P is a diagonal density
matrix element and a 0 otherwise. Finally, the quan-
tity WIr contains the current rates W
Iχ1χ
′
1
χ2χ′2
which can be
obtained diagrammatically similarly to the generalized
transition rates W
χ1χ
′
1
χ2χ′2
by replacing one tunneling vertex
by a current vertex. The corresponding diagrammatic
rules are given in Appendix A.
The frequency-dependent current noise is defined as
the Fourier transform of the symmetrized current-current
correlation function S = 〈I(t)I(0) + I(0)I(t)〉− 2〈I〉2. In
the sequential tunneling regime and for low frequencies,
ω . Γ, we can write it as
S(ω) =
e2
2~
eT
[
WII + WI
(
Π−10 (ω)−W
)−1
WI
]
P
− 2piδ(ω)〈I〉2 + (ω → −ω), (3.5)
where WII is obtained from W by replacing two tunnel
vertices by current vertices. The frequency-dependent
free dot propagator on the Keldysh contour is given by
Π0(ω)
χ1χ
′
1
χ2χ′2
=
iδχ1χ′1δχ2χ′2
εχ2 − εχ1 − ω + i0+
. (3.6)
We stress that the frequency-dependent current noise for
ω . Γ is only sensitive to coherences between states with
εχ1 − εχ2 . Γ, i.e., we can savely neglect all other coher-
ences in the calculation of S(ω) as in the evaluation of
the master equation and the stationary current. While
our discussion of the real-time diagrammatic technique
so far was rather general, in the next section, we turn
to the explicit form of the density matrix as well as the
generalized master equations for the two systems under
investigation.
IV. REDUCED DENSITY MATRIX AND
MASTER EQUATION
A. Model A: Large spin in the barrier
For a quantum-dot spin valve with a large, anisotropic
impurity spin embedded in the tunnel barrier, the eigen-
states of the reduced system consisting of quantum
dot and impurity spin are products of dot eigenstates
|χ〉 ∈ {|0〉, | ↑〉, | ↓〉, |d〉} and impurity spin eigenstates
|Sz〉 ∈ {|+ S〉, ..., | − S〉}, |ξ〉 = |χ〉 ⊗ |Sz〉. Assuming the
energies of states with different impurity states to differ
more than the tunnel coupling, ESz −ES′z  Γ, we have
to neglect coherent superpositions between states with
different impurity states.
The reduced density matrix therefore takes a block di-
agonal form given by
ρred =
S⊕
m=−S

P0,m 0 0 0
0 P↑,m P
↑
↓,m 0
0 P ↓↑,m P↓,m 0
0 0 0 Pd,m
 . (4.1)
In order to give a physically intuitive interpretation of the
generalized master equations, we introduce the probabil-
ities to find the dot empty, P0,m, singly occupied, P1,m =
P↑,m +P↓,m, and doubly occupied, Pd,m, with the impu-
rity in state |m〉. We collect these quantities in the vector
Pm = (P0,m, P1,m, Pd,m)
T . We furthermore introduce
the average spin on the quantum dot sx,m =
P↑↓,m+P
↓
↑,m
2 ,
sy,m = i
P↑↓,m−P↓↑,m
2 , and sz,m =
P↑,m−P↓,m
2 . The set of
master equations can then be split into one determining
the occupation probabilities and one set governing the
average dot spin. In the following, we will keep the time
derivative on the left-hand side of the master equations
explicitly to allow for a physically intuitive interpretation
of the master equations. For the numerical discussion
below, these derivatives are equal to zero, however. The
master equations for the occupations are given by
P˙m = W
(0)
L Pm + V
(0)
L sm · nL
+ W
(0)
R Pm + W
(+1)
R Pm+1 + W
(−1)
R Pm−1
+ V
(0)
R sm · nR + V (+1)R sm+1 · nR + V (−1)R sm−1 · nR.
(4.2)
Here, W
(α)
r is a matrix which describes processes that
transfer an electron between the dot and lead r and
change the state of the impurity spin from |m〉 to |m+α〉.
Since the impurity is located in the right tunnel barrier,
tunneling through the left lead cannot change the impu-
rity state and therefore W
(±1)
L = 0. Changing the im-
purity state is possible, however, for tunneling through
the right barrier which provides a coupling between Pm
and Pm±1. Similarly, V
(α)
r is a vector which describes
the coupling of the occupation probabilities to the spin
6on the dot, a feature characteristic of a quantum-dot spin
valve. Again, we have V
(±1)
L = 0. The precise form of
W
(α)
r and V
(α)
r is given in Appendix B 1.
The time evolution of the dot spin obeys a Bloch-type
equation,
s˙m =
(
dsm
dt
)(0)
acc,L
+
(
dsm
dt
)(0)
acc,R
+
(
dsm
dt
)(+1)
acc,R
+
(
dsm
dt
)(−1)
acc,R
+
(
dsm
dt
)(0)
rel,L
+
(
dsm
dt
)(0)
rel,R
+ sm × (Bm,L + Bm,R). (4.3)
The first four terms on the right-hand side describe the
non-equilibrium spin accumulation on the quantum dot
due to the tunneling from and to the spin-polarized leads.
Similarly to the master equation for the occupations, we
get accumulation terms that change the state of the im-
purity when tunneling takes place through the right bar-
rier.
The next two terms account for the relaxation of the
spin on the dot due to the tunneling out of an electron or
the tunneling in of an electron forming a spin singlet with
the electron already present on the dot. As these terms
arise from generalized transition rates which start and
end in a singly occupied state, in the sequential tunneling
approximation the state of the impurity spin cannot be
changed in these processes. We give the explicit forms of
the accumulation and relaxation terms in Appendix B 1.
The last term describes the precession of the dot spin
in an exchange field due to virtual tunneling to the leads.
For the coupling to the left lead, we find the usual ex-
change field33 which is independent of the state of the
impurity spin. It is given by
Bm,L = −nL pLΓL
pi
(ΦL(ε)− ΦL(ε+ U)) , (4.4)
where Φr(x) = Re Ψ
(
1
2 + i
β(x−µr)
2pi
)
, and Ψ denotes the
digamma function. While the first term arises from the
spin-dependent level renormalization of an electron vir-
tually tunneling to the lead and back, the second term
stems from processes where an electron first tunnels onto
the dot and then back into the lead.
The exchange field due to the coupling to the right lead
which points in the direction of nR is given by
Bm,R = −nR γ˜
pi
(
ΦR(ε)− ΦR(ε+ U)
)
+ nR
A+(m− 1)JR
pi
[
1 + pR
2
ΦR(ε− α−) + 1− pR
2
ΦR(ε+ U + α−)− ln βW
2pi
]
− nRA−(m+ 1)JR
pi
[
1− pR
2
ΦR(ε+ α+) +
1 + pR
2
ΦR(ε+ U − α+)− ln βW
2pi
]
(4.5)
where γ˜ = pRΓR + m
2pRJR + 2mη
√
ΓRJR, α± = B +
(2m± 1)D and A±(m) = S(S + 1)−m(m± 1).
Here, the first term on the right-hand side describes
exchange field contributions due to virtual tunneling be-
tween dot and lead that does not change the state of
the impurity spin. The other two terms are due to vir-
tual tunneling where the intermediate state has an in-
creased/decreased impurity spin state. These processes
give rise to a logarithmic divergency of the exchange field
cut off by the bandwith W of the lead electrons. To
understand this, we consider the impurity in the state
|Sz = S〉. In this case, only the sequences | ↓, S〉 →
|0, S − 1〉 → | ↓, S〉 and | ↓, S〉 → |d, S − 1〉 → | ↓, S〉 of
(virtual) transitions are possible while there are no such
processes starting from | ↑, S〉. Hence, these processes
only renormalize the energy of the spin down state, giv-
ing rise to the logarithmic divergency. Similarly, when
the impurity is in any other state, the logarithmic con-
tributions to the exchange field do not cancel between
processes that increase and decrease the intermediate
impurity spin state. As we only consider sequential
tunneling, it is clear that our results are only valid if
JR ln
βW
2pi  kBT and JR ln βW2pi . Γr, otherwise higher
order logarithmic corrections become important.
We, therefore, find that the presence of the impurity
spin in the tunnel barrier has two basic effects on the
exchange field. First of all, it alters its strength. Sec-
ond, due to the presence of the spin-flip processes, it also
alters its energy dependence (cf. Fig. 3), giving rise to
additional peaks and dips whose separation is governed
by the anisotropy D, the Zeeman energy B, and the size
of the impurity spin S. Since the transition energies be-
tween the various impurity states depend on the states
itself, the position of the additional peaks and dips de-
pends on the value of Sz.
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FIG. 3. Exchange field due to virtual tunneling through the
right barrier as a function of bias voltage V for p = 0.3 (upper
panel) and p = 0.9 (lower panel). Other parameters are ε =
−300kBT , U = 250kBT , D = 17.5kBT , B = 10kBT , ΓR =
10JR, η = +1, W = 500kBT , S = 3.
Case Parameters Superpositions of
(i) B, J, |B − J |  Γ −
(ii) B  Γ, J . Γ |T 0〉, |S〉
(iii) B, J  Γ, |B − J | . Γ |T−〉, |S〉
(iv) J  Γ, B . Γ |0 ↑〉, |0 ↓〉
|T+〉, |T 0〉, |T−〉
|d ↑〉, |d ↓〉
(v) B, J . Γ |0 ↑〉, |0 ↓〉
|T+〉, |T 0〉, |T−〉, |S〉
|d ↑〉, |d ↓〉
TABLE II. Coherent superpositions that have to be taken into
account in the sequential tunneling regime for different values
of the external magnetic field B and the exchange coupling J
between the two spins.
B. Model B: Small spin on the dot
For the case of a S = 1/2 impurity localized on the
quantum dot, the reduced density matrix in the most
general case takes the form
ρred =

P0↑ P
0↑
0↓ 0 0 0 0 0 0
P 0↓0↑ P0↓ 0 0 0 0 0 0
0 0 PT+ P
T+
T 0 P
T+
T− P
T+
S 0 0
0 0 PT
0
T+ PT 0 P
T 0
T− P
T 0
S 0 0
0 0 PT
−
T+ P
T−
T 0 PT− P
T−
S 0 0
0 0 PST+ P
S
T 0 P
S
T− PS 0 0
0 0 0 0 0 0 Pd↑ P
d↑
d↓
0 0 0 0 0 0 P d↓d↑ Pd↓

,
(4.6)
i.e., apart from the eight diagonal matrix elements that
describe the probability to find the system in one of its
eigenstates there can be up to 16 coherences. Coher-
ences between states with different electron numbers van-
ish due to the conservation of total particle number. As
discussed above, depending on the energy differences of
the states forming the coherent superposition, we either
have to take them into account or neglect them in the
sequential-tunneling regime. In Table II, we summarize
the different transport regimes that arise consequently.
In the following, we will only consider the cases (ii)
and (v), i.e., we only consider the case of weak exchange
couplings, J . Γ. When a large magnetic field is ap-
plied, B  Γ, only S-T 0 coherences have to be taken into
account. When the externally applied magnetic field is
weak, B . Γ, we have to take into account all coherences.
There are two reasons focusing on the two cases. On the
one hand, they are particularly suited to demonstrate
the information about the transport processes contained
in the finite-frequency noise. On the other hand, the
cases of small exchange couplings are suited to describe
the influence of nuclear spins, that couple to the electron
spin via hyperfine interaction, on transport through the
quantum dot.
1. Case (ii): Large magnetic field
We first turn to the discussion of the master equation
in case (ii) where B  Γ, J . Γ. In this case, there are
only superpositions of S and T 0 present. It is therefore
natural to introduce the isospin I via
Ix =
PST 0 + P
T 0
S
2
, Iy = i
PST 0 − PT
0
S
2
,
Iz =
PT 0 − PS
2
, I0 = PT 0 + PS ,
to bring the master equation into a physically in-
tuitive form. Similar to the case of an ordinary
quantum-dot spin valve,33 we can now split the mas-
ter equation into one set governing the occupation
probabilities that we summarize in the vector P =
(P0↑, P0↓, PT+ , I0, PT− , Pd↑, Pd↓) and one set governing
the time evolution of the isospin I = (Ix, Iy, Iz). How-
ever, there is an important difference. While in the or-
8dinary quantum-dot spin valve, there is a real spin accu-
mulating on the quantum dot, here we have an isospin
accumulation as a real spin accumulation is suppressed
by the large external magnetic field. The master equation
of the occupation probabilities reads
P˙ = W ·P + V(I · ex), (4.7)
where W denotes a matrix that contains the golden rule
transition rates between the various dot states and V is
a vector that characterizes the influence of the isospin on
the dot occupation whose precise form is given in Ap-
pendix B 2.
The master equation that governs the time evolution
of the isospin is given by
I˙ =
(
dI
dt
)
acc
+
(
dI
dt
)
relax
+ I×
∑
r
Br. (4.8)
Here, the first term,
(
dI
dt
)
acc
=
1
2
∑
r
Γr
{
−f+r (ε−B/2)P0↑ + f+r (ε+B/2)P0↓ − f+r (ε+ U +B/2)Pd↑ + f−r (ε+ U −B/2)Pd↓
+
1
2
[
f−r (ε−B/2)− f−r (ε+B/2) + f+r (ε+ U +B/2)− f+r (ε+ U −B/2)
]
I0
}
ex, (4.9)
describes the accumulation of the isospin along the x axis
due to electrons tunneling onto and off the dot. Similarly,
the second term describes a relaxation of the isospin(
dI
dt
)
relax
= −1
2
∑
r
Γr
[
f−r (ε−B/2) + f−r (ε+B/2)
+f+r (ε+ U −B/2) + f+r (ε+ U +B/2)
]
I. (4.10)
Finally, the last term describes the precession of the
isospin in an exchange field that is given by
Brx =
Γr
2pi
(
Φr(ε−B/2)− Φr(ε+B/2)
+ Φr(ε+ U +B/2)− Φr(ε+ U −B/2)
)
Bry = 0 (4.11)
Brz = J
The exchange field describes the level splitting between
|T 0〉 and |S〉 which is due to the finite exchange coupling
J as well as due to virtual tunneling processes that renor-
malize the energies of the two states in a different way.
As can be inferred from Eq. (4.8), it gives rise to a pre-
cession of the accumulated isospin around the exchange
field.
The current through the quantum dot is given by
I =
ΓL
2
[(
f+L (ε+B/2) + f
+
L (ε−B/2)
)(
P0↑ + P0↓
)
−
(
f−L (ε+ U +B/2) + f
−
L (ε+ U −B/2)
)(
Pd↑ + Pd↓
)
−
(
f−L (ε+B/2)− f+L (ε+ U −B/2)
)
PT+ −
(
f−L (ε−B/2)− f+L (ε+ U +B/2)
)
PT−
−1
2
(
f−L (ε+B/2) + f
−
L (ε−B/2)− f+L (ε+ U +B/2)− f+L (ε+ U −B/2)
)
I0
−
(
f−L (ε+B/2)− f−L (ε−B/2) + f+L (ε+ U +B/2)− f+L (ε+ U −B/2)
)
Ix
]
− (L→ R) . (4.12)
It depends on the occupation probabilities as well as on the x component of the accumulated isospin. This re-
9sembles the normal quantum-dot spin valve where the
current also depends on both, the dot occupations as
well as on the dot spin.33
2. Case (v): Small magnetic field
We now turn to the discussion of the master equation
in the case B, J . Γ. In this case, we have to include all
coherences of the reduced density matrix, Eq. (4.6).
To allow for a physical interpretation of the different
matrix elements, we introduce the probabilities to find
the quantum dot empty, P0, singly occupied, P1, and
doubly occupied, Pd. Furthermore, we introduce the ex-
pectation values of the electron spin on the dot, S1, as
well as the expectation values for the impurity spin when
the dot is empty, S0, singly occupied, S2, and doubly oc-
cupied, Sd. While for a single spin 1/2 the description of
its density matrix in terms of spin expectation values is
sufficient, this is in general no longer true for a system
of two spin 1/2 particles.70 For the case of small mag-
netic fields that we consider here, we therefore have to
introduce in addition the expectation values of the scalar
product between electron and impurity spin, S1 ·S2, and
their vector product, S1 × S2. Finally, we also need to
introduce the quadrupole moment70,75
Qij =
1
2
(S1iS2j + S1jS2i)− 1
3
S1 · S2δij . (4.13)
The quadrupole moment is a symmetric tensor, Qij =
Qji. Its diagonal elements are not independent of each
other as they satisfy the sum rule
∑
iQii = 0, i.e., the
trace of Q vanishes.
In Appendix C we give the explicit expressions that
relate the above quantities to the density matrix ele-
ments in Eq. (4.6). We note that in the case B  Γ,
J . Γ where we only have taken into account the S-T 0
superpositions, we could have expressed the reduced den-
sity matrix in terms of the quantities just introduced as
well. However, by choosing a description in terms of the
isospin, we obtain a much simpler master equation.
Using the physical quantities we just discussed, we can
split the master equation into several sets. The first set
d
dt
 P0P1
Pd
 = ∑
r
Γr
 −2f+r (ε) f−r (ε) 02f+r (ε) −f−r (ε)− f+r (ε+ U) 2f−r (ε+ U)
0 fr + (ε+ U) −2f−r (ε+ U)

 P0P1
Pd
+∑
r
2prΓr
 f−r (ε)−f−r (ε) + f+r (ε+ U)
−f+r (ε+ U)
S1·nr,
(4.14)
describes the evolution of the occupation probabilities. It
takes a form identical to the case of a normal quantum-
dot spin valve, i.e., it exhibits a coupling of the occu-
pations to the spin accumulated on the quantum dot.
Interestingly, the occupations do not couple neither to
the impurity spin, the scalar or vector product of S1 and
S2 nor to the quadrupole moments directly. They are
only influenced by these quantities due to their influence
on the accumulated electron spin S1.
The equation governing the time evolution of the elec-
tron spin in the dot is given by
dS1
dt
=
∑
r
[
prΓr
(
f+r (ε)P0 −
f−r (ε)− f+r (ε+ U)
2
P1 − f−r (ε+ U)Pd
)
nr − S1
τr
− S1 ×Br,ex
]
− S1 ×B + J(S1 × S2),
(4.15)
where 1/τr = Γr (f
−
r (ε) + f
+
r (ε+ U)) and Br,ex =
−pΓrpi (Φr(ε)− Φr(ε+ U)) nr is the usual exchange field
acting on the electron spin accumulated on the dot.
Again, we find a strong similarity to the case of the nor-
mal quantum-dot spin valve. While the first term in
brackets describes the accumulation of spin on the dot
along nr due to spin-dependent tunneling of electrons
between dot and leads, the second term describes a re-
laxation of the dot spin due to tunneling. The third term
in brackets describes the precession of the dot spin in the
exchange field generated by virtual tunneling between
dot and leads. The last two terms finally describe the
influence of an external magnetic field and the exchange
coupling to the impurity spin.
The master equations for the impurity spin in the pres-
ence of zero, one and two electrons on the dot can be
written as
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d
dt
 S0S2
Sd
 = ∑
r
Γr
 −2f+r (ε) f−r (ε) 02f+r (ε) −f−r (ε)− f+r (ε+ U) 2f−r (ε+ U)
0 f+r (ε+ U) −2f−r (ε+ U)

 S0S2
Sd

+
∑
r
2prΓr
 f−r (ε)−f−r (ε) + f+r (ε+ U)
−f+r (ε+ U)
[(Q + 1
3
S1 · S2
)
· nr + 1
2
(S1 × S2)× nr
]
−
 S0S2
Sd
×B + J
 0S1 × S2
0
 . (4.16)
Here, the first term on the right-hand side describes tran-
sitions between the three quantities by tunneling of elec-
trons in analogy to the first term in the equation for the
occupations, Eq. (4.14). The second term characterizes
the coupling to the quadrupole moments as well as the
scalar and vector product of S1 and S2. This resembles
the coupling of the dot occupations to the electron spin
on the dot in Eq. (4.14). Finally, the terms in the third
line describe the precession of the impurity spin in an ex-
ternally applied magnetic field as well as the influence of
the exchange interaction between electron and impurity
spin.
The master equations governing the time evolution of
the scalar and vector product between the electron and
impurity spin are given by
d
dt
(S1 × S2) =
∑
r
[
−prΓr
(
f+r (ε)S0 −
f−r (ε)− f+r (ε+ U)
2
S2 − f−r (ε+ U)Sd
)
× nr − S1 × S2
τr
+
(
Q− 2
3
(S1 · S2)
)
·Br,ex
]
− (S1 × S2)×B + J
2
(S1 − S2) , (4.17)
d
dt
(S1 · S2) =
∑
r
[
prΓr
(
f+r (ε)S0 −
f−r (ε) + f
+
r (ε+ U)
2
S2 − f−r (ε+ U)Sd
)
· nr − S1 · S2
τr
+ (S1 × S2) ·Br,ex
]
.
(4.18)
Their structure closely resembles Eq. (4.15) in that there
are terms which describe the accumulation, relaxation,
and the influence of the spin precession due to the ex-
change field. Furthermore, the vector product turns out
to be sensitive to an external magnetic field as well as to
the exchange coupling between the spins.
Finally, the master equation for the quadrupole mo-
ment takes the form
d
dt
Qij =
∑
r
[
prΓrf
+
r (ε)
(
1
2
(S0,inr,j + S0,jnr,i)− 1
3
(S0 · nr)δij
)
−prΓr f
−
r (ε)− f+r (ε+ U)
2
(
1
2
(S2,inr,j + S2,jnr,i)− 1
3
(S2 · nr)δij
)
−prΓrf−r (ε+ U)
(
1
2
(Sd,inr,j + Sd,jnr,i)− 1
3
(Sd · nr)δij
)
−Qij
τr
− 1
2
(
1
2
(S1 × S2)i(Br,ex)j + 1
2
(S1 × S2)j(Br,ex)i − 1
3
(S1 × S2) ·Br,exδij
)
−1
2
εilmQlj(Br,ex)m − 1
2
εjlmQli(Br,ex)m
]
− εilmQljBm − εjlmQliBm. (4.19)
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The first three terms on the right-hand side describe
the accumulation of quadrupole moment on the quan-
tum dot. Similarly, the fourth term is related to the
relaxation of the quadrupole moment. Finally, the other
terms describe the precesional motion of the quadrupole
moment in the exchange field as well as due to an external
magnetic field.
The current through tunnel barrier r is given by
Ir = Γrf
+
r (ε)P0 − Γr
f−r (ε)− f+r (ε+ U)
2
P1 − Γrf−r (ε+ U)Pd − pΓr
[
f−r (ε) + f
+
r (ε+ U)
]
S1 · nr. (4.20)
Although this is precisely the same form as for the normal
quantum-dot spin valve, the current nevertheless con-
tains information about the nontrivial spin dynamics on
the dot, as the master equation for the dot spin couples
to the other density matrix elements.
V. RESULTS - LARGE SPIN IN THE BARRIER
In this section we discuss the transport properties of a
quantum-dot spin valve with a large, anisotropic impu-
rity spin located in the right tunnel barrier. We will focus
our attention on systems that are symmetric in the sense
that pL = pR ≡ p and ΓL = ΓR ≡ Γ/2. Furthermore
we assume the bias voltage to be applied symmetrically,
VL = −VR = −V/2.
A. Collinear magnetizations
In the following, we are going to discuss transport for
collinear magnetizations. Most of the time we will re-
strict ourselves to the case of parallel magnetizations as
we focus on moderate polarizations where the effects due
to the impurity spin are much more important than the
effects due to the relative orientation of the leads.
1. Interference between direct and exchange tunneling
From the form of the tunneling Hamiltonian (2.6) it is
obvious that interference can take place between elec-
trons tunneling directly through the barrier and elec-
trons experiencing an exchange interaction with the im-
purity spin. For transport through a single tunnel barrier
containing a localized spin41,43,49,76,77, the interference
contributions cancel between the spin-up and spin-down
channel. Only for ferromagnetic leads48,56,57,78 or in the
presence of spin-orbit interactions, one is sensitive to the
interference terms.
This is different for the system under investigation
here. We find that the interference terms influence the
current even for unpolarized leads. In contrast to the
single-barrier case where we just have to sum up the con-
tributions from spin-up and spin-down electrons to the
current, in the quantum dot case we have to separately
compare the rates for tuneling in and out of the dot for
each spin direction. While in the nonmagnetic case equal
amounts of spin-up and spin-down electrons enter the dot
from the left lead, the rates for leaving the dot are dif-
ferent due to the interference terms. This in turn gives
rise to a spin accumulation on the quantum dot which
reduces the current through the quantum dot.
Unfortunately, in our system there is no way to tune
the phase of the interference terms experimentally as is
possible, e.g., in an Aharonov-Bohm interferometer and
thereby check the influence of the interference terms on
the current. Nevertheless, it should be possible to detect
the presence of the interference term experimentally and
to detect its sign. Approximating the Fermi functions as
step functions which is reasonable away from the thresh-
old voltages, we can calculate the current through the
system analytically in the various transport regions.
We first consider the case of unpolarized leads, pr = 0.
In this case, the current in region I where transport takes
place through the singly and doubly occupied dot (cf.
Fig. 4) is given by
II =
2ΓL(ΓR + S
2JR)
ΓL + 2(ΓR + S2JR)
, (5.1)
i.e. it is sensitive to the couplings and the size of the
barrier spin but not to the interference term. Similarly,
in region II where spin excitations become possible, the
current turns out to be insensitive to the interference
term,
III =
2ΓL(ΓR + S(S + 1)JR)
ΓL + 2(ΓR + S(S + 1)JR)
. (5.2)
This is different in region III where transport takes place
through the empty and singly-occupied dot but the spin
cannot be excited. Here, the current is given by
IIII =
2ΓL((ΓR + S
2JR)
2 − 4S2√ΓRJR2)
(ΓR + S2JR)(2ΓL + ΓR + S2JR)− 4S2
√
ΓRJR
2
)
,
(5.3)
i.e., the current now also depends on the interference
term. From Eq. (5.3), we infer that for ΓR = SJR the
current vanishes exactly in region III. Equation (5.3) also
shows that the current in region III is only sensitive to
the absolute value of the interference term but not to its
sign.
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FIG. 4. (Color online) Schematic of the differential conduc-
tance as a function of level position and applied bias voltage.
Thick black lines mark the onset of transport through the dot.
Blue dashed lines indicate the onset of impurity excitations.
Dashed lines mark the gaining of energy from the impurity to
allow all three charge states of the dot.
This is different in the regime where the empty and
singly occupied dot contribute to transport and spin ex-
citations are possible. As the analytic result for the cur-
rent in this regime is rather lengthy, we do not give it
here. Instead, we now focus on transport for parallely
magnetized leads. In region I, the current is now given
by
II =
2ΓL
(
ΓR + S
2JR + 2pSη
√
ΓRJR
)
ΓL + 2 (ΓR + S2JR)
. (5.4)
Here, the current is clearly sensitive to the sign of the
interference term which provides a way to access it in ex-
periments. Similar expressions for the current in regions
II and III can be found for parallely magnetized leads.
As these expressions are rather lengthy, we do not give
them here.
2. Spin spectroscopy
Inelastic spin tunneling spectroscopy44–51,53–55,79,80 al-
lows to determine the spectrum of a spin embedded in a
tunnel barrier by studying the steps in the differential
conductance that occur whenever an inelastic transport
channel opens up. However, for a simple spin Hamilto-
nian of the form (2.4) this does not allow to determine the
parameters D and B separately. In this case, the energy
difference between the ground state and the first excited
state is larger than all other excitation energies.80,81 In
consequence, as soon as the system can be brought into
the first excited state, all other excited states can also
be reached energetically. Hence, there would be only a
signal at ∆ = ES−1 − ES = (2S − 1)D +B.
This is different for the system additionally contain-
ing a quantum dot between the electrodes, as is shown
schematically in Fig. 4. For level positions ε < −U , the
dot is doubly occupied when no bias is applied. Upon in-
creasing the bias, we enter region I where transport takes
place through the singly and doubly occupied dot. When
increasing the bias voltage above the blue dashed line, ex-
citing the spin becomes possible, similarly as in a single
barrier discussed above which only provides information
about a linear combination of D and B. However, upon
increasing the bias further, we reach the red dotted line.
At this point, the electron on the dot with an energy be-
low the right Fermi level can gain enough energy to leave
the dot to the right lead by changing the impurity state
from Sz = S − 1 to Sz = S. As this opens up a new
transport channel, the onset of this process yields a sig-
nal in the differential conductance. Similarly, at the next
yellow line the process | ↓〉⊗ |−S+ 1〉 → |0〉⊗ |−S〉 be-
comes possible, again giving rise to a conductance signal.
This scheme continues for all transitions of the impu-
rity spin which are characterized by transition energies
(2Sz − 1)D + B for Sz > 0 and (−(2Sz + 1)D − B) for
Sz < 0. When we finally reach the thick black line, the
empty dot state can also be reached by ordinary tun-
neling events. For even larger bias voltages we find an-
other series of conductance signals which are now associ-
ated with electrons in the lower level which become able
to excite the impurity when leaving to the right lead.
The important difference to the small bias case discussed
above is that now transport through the upper level can
bring the impurity spin into all excited states such that
transitions between these states also are all visible.
For unpolarized leads, the conductance pattern dis-
cussed above allows to determine D and the absolute
value of B. As no spatial direction is distinguished, there
is no possibility to determine also the sign of B. This is
different for polarized leads where the spatial symmetry
is broken by the magnetizations. In this case, one finds
that the differential conductance shows an alternating
pattern of positive and negative differential conductance
which depends on the sign of B. We discuss the mecha-
nism leading to this behavior in the following.
3. Current-induced switching and spin-dependent transport
We now turn to our main result for the model contain-
ing an impurity spin in the barrier, that is we discuss the
interplay between the dot and impurity spin and its man-
ifestation in the transport properties. In particular, we
investigate how the the dynamics of the dot and impurity
spin gives rise to the sequence of positive and negative
differential conductance features at the red and yellow
dotted lines in Fig. 4 for polarized electrodes and which
is manifest in the current oscillations of the I − V char-
acteristics shown in Fig. 5. (In our discussion, we focus
on the case B > 0. For B < 0, the impurity ground state
is | − S〉 and basically the role of the cases η = +1 and
η = −1 are interchanged.)
As tunneling into a ferromagnet is spin dependent,
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FIG. 5. (Color online) Current as a function of bias voltage for
parallel magnetizations, p = 0.3 and ΓL = ΓR = JR. Other
parameters are the same as in Fig. 3.
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FIG. 6. (Color online) Average z component of dot and im-
purity spin as a function of bias voltage for η = +1. Other
parameters are the same as in Fig. 5.
we find that the rates for the impurity spin transitions
|m〉 → |m + 1〉 and |m〉 → |m − 1〉 are different, in gen-
eral, because one transition involves tunneling of a mi-
nority spin electron, while the other involves tunneling
of a majority spin electron. We therefore have for the
rates Wm→m+1 ∝ 1−p and Wm→m−1 ∝ 1+p. As a con-
sequence, once exciting the impurity spin becomes ener-
getically possible, the spin-polarized current through the
right barrier has the tendency to flip the impurity spin
into the state | − S〉 which in Figs. 5 and 6 occurs at
V = 2(ε+ U + ∆) = 295kBT .
At larger bias, transitions where energy is gained from
the impurity come into play. Alternatingly, they either
lower the z component of the impurity spin, | −S+ i〉 →
| − S + i − 1〉, or raise it, |S − i〉 → |S − i + 1〉, with
i ∈ [0, S]. Hence, the expectation value of Sz is found
to oscillate as a function of bias voltage as is shown in
Fig. 6.
The other key ingredient for understanding the con-
ductance oscillations is the fact that tunneling through
the right barrier is spin dependent in two respects. On
the one hand, there is the dependence on the spin of the
tunneling electron due to the polarization of the lead,
mentioned already above. However, the tunneling also
depends on the state of the impurity spin as the tunnel-
ing rate for spin-up (down) electrons is proportional to
|tR +SzjR|2 (|tR−SzjR|2). This kind of spin dependence
is, then, responsible for relating the dot spin to the im-
purity spin state. If, e.g., the impurity is in the ground
state | + S〉, spin up electrons can leave more easily to
the right lead than spin down electrons. This results in a
spin down accumulating on the quantum dot, see Fig. 6,
2(ε + U) < V < 2(ε + U + ∆). When the z component
of the impurity spin has a negative expectation value,
the situation is reversed. Now, spin down leaves the dot
more easily such that spin up accumulates on the dot.
The spin accumulation on the dot affects the current
through the system. If the lower dot level is occupied by
a spin up electron, the Pauli principle prevents a second
spin up electron to enter the dot while transport of spin
down electrons is suppressed by their smaller density of
states. Hence, the accumulation of spin up on the dot
suppresses the current. On the contrary, a spin down in
the lower level does hardly affect the current, as it can
proceed by spin up electrons tunneling through the upper
level.
Hence, in symmary we find that the interplay between
the current-induced switching of the impurity spin and
the spin-dependent tunneling through the right barrier
results in an interesting spin dynamics in the quantum-
dot spin valve which manifests itself in the transport
properties of the system. We emphasize that the trans-
port signatures discussed here are present for moderate
polarizations. Hence, the polarizations of Fe, Co, or
Ni (Refs. 17, 82) should be sufficient to experimentally
detect them. For very large polarizations, the current
oscillations discussed above are even absent, because in
this case the current-induced switching mechanism is so
strong that the impurity will be kept in state | −S〉 once
spin excitation becomes possible.
4. Giant Fano factor
In the above discussion of the current oscillations, we
found the current to be sensitive to the average impurity
spin only. The current noise however sheds more light
on the dynamics of the impurity spin. As can be seen in
Fig. 7, in the region where energy can be gained from the
impurity to allow electrons to leave the dot to the right
(corresponding to the region of dotted lines in Fig. 4), the
Fano factor is strongly enhanced (note the logarithmic
scale).
The mechanism which gives rise to these giant Fano
factors is the following. As can be seen in the upper
panel of Fig. 8, the probability to find the impurity in the
states | ± S〉 is finite for both states in the region where
the Fano factor becomes large. The dot spin follows the
behavior of the impurity spin which means that it will
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FIG. 7. (Color online) Fano factor as function of bias voltage.
Parameters are the same as in Fig. 6. The sharp peak at
V = 295kBT arises at the onset of spin excitations (dashed,
blue line in Fig. 4).
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FIG. 8. Probabilities to find the impurity in spin state |Sz〉 as
a function of bias voltage (upper panel). The middle (lower)
panel shows the probability to find the system in the state
| ↑〉⊗ |Sz〉 (| ↓〉⊗ |Sz〉). Parameters are the same as in Fig. 6.
point either up or down, depending on the sign of Sz as
shown in the middle and lower panel of Fig. 8. The two
dot spin configurations carry a different current, because
only for the spin up accumulation transport through the
dot becomes spin-blockaded. Hence, the system switches
between two current states on a rather large time scale
(as it takes several spin flip processes to reverse the im-
purity spin) which gives rise to random telegraph noise.
Similar behavior can be found, e.g., in arrays of move-
able colloid particles,83 transport through molecules with
strong electron-phonon coupling and strong vibrational
relaxation84 or double dot Aharonov-Bohm interferome-
ters.85
It is interesting to note that the giant Fano factor oc-
curs for parallel as well as antiparallel magnetizations.
This is due to the fact that the moderate polarizations
chosen here the effects of bunching for parallel magneti-
zations and spin blockade for antiparallel magnetizations
are rather weak such that they are unimportant com-
pared to the random telegraph switching.
B. Noncollinear magnetizations
So far, we only discussed the transport properties for
nonmagnetic or collinearly magnetized electrodes. When
dealing with noncollinear magnetizations, a new physical
effect comes into play: the precession of the dot spin in
an exchange field generated by virtual tunneling between
the dot and the leads. As mentioned in the introduction,
the interplay between spin accumulation and spin pre-
cession gives rise to a number of characteristic transport
signatures. In the following, we discuss how the depen-
dence of the exchange field on the state of the impurity
spin influences the transport properties, in particular, the
current and the finite-frequency Fano factor.
1. Current
In the normal quantum-dot spin valve, the current-
voltage characteristics provides information about the ex-
change field acting on the dot spin. At the particle-hole
symmetric point of the Anderson model (ε = −U/2), the
exchange field vanishes. Hence, only the spin accumula-
tion on the dot influences the current, leading to a re-
duced current in the noncollinear geometry compared to
the parallel case. Away from this point, a finite exchange
field acts on the dot spin and gives rise to a precession of
the spin out of the blocking position. As a consequence,
the current flowing through the system becomes larger
than at the particle-hole symmetric point, resulting in a
characteristic U-shaped I − V curve with a broad region
of negative differential conductance.
For the quantum-dot spin valve with an impurity em-
bedded in one of the tunnel barriers studying the current
as a function of bias voltage allows us to investigate the
dependence of the exchange field on the state of the im-
purity. We will first focus on the situation where the
interference term has positive sign and V > 0. In this
case, if the impurity is in state | + S〉, there is a large
exchange field acting on the dot spin (cf. Fig. 3), giving
rise to a strong precession and thereby to a clear lifting
of the spin blockade. If the impurity is in state | − S〉,
however, there is only a small exchange field acting on
the dot. Consequently, the spin blockade persists and
the current is not much enhanced by the exchange field.
As is shown in Fig. 9(a) (solid black curve), we there-
fore find a large current at the onset of transport through
15
0 200 400 600 800 1000
V/kBT
0
0.1
0.2
0.3
0.4
0.5
I
(e
Γ
/h¯
)
η = +1
η = −1
η = +1, Bex = 0
η = −1, Bex = 0
(a)
−1000−800−600−400−2000
V/kBT
0
0.1
0.2
0.3
0.4
0.5
I
(e
Γ
/h¯
)
η = +1
η = −1
η = +1, Bex = 0
η = −1, Bex = 0
(b)
FIG. 9. (Color online) Current as a function of bias voltage
for perpendicular magnetizations for p = 0.9 and ΓL = ΓR =
10JR. Black curves are for η = +1 while red curves are for
η = −1. For the upper panel, ε = −300kBT while for the
lower panel ε = 50kBT . Other parameters as in Fig. 3. While
the solid lines represent the full result, for the dashed curves
the exchange field was set to zero by hand.
the quantum dot. When increasing the bias voltage,
the current decreases slightly as the exchange field be-
comes weaker. When the bias voltage is increased above
the threshold for impurity excitations, the impurity is
switched from its ground state |+S〉 into the state |−S〉
by the spin-polarized current (cf. upper panel of Fig. 10).
As a consequence, the exchange field changes abruptly at
threshold towards smaller values. This implies that the
spin blockade on the dot cannot be lifted anymore and
the current is suppressed compared to its values below
threshold.
When the interference term has a negative sign [red
curves in Fig. 9(a)], the situation is reversed. Now the
exchange field takes on small values when the impurity
is in state | + S〉 while it takes large values when the
impurity is in state | − S〉. Hence, the current is now
suppressed below threshold while above threshold we find
a nontrivial bias dependence of the current due to the
energy dependence of the exchange field.
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FIG. 10. (Color online) x, y and z component of the average
dot spin and z component of the average impurity spin for
perpendicular magnetizations as function of bias voltage for
positive (upper panel) and negative (lower panel) sign of the
interference term. Parameters as in Fig. 9(a).
When a negative bias voltage is applied, no switching
occurs at the impurity excitation threshold as the spin-
polarized current has the tendency to bring the impurity
into the state |+S〉 which is the ground state. We there-
fore find that now the exchange field effects are clearly
visible for a positive sign of the interference term, while
they are very small for a negative interference term.
In summary, we have shown how the current-voltage
characteristics for noncollinear magnetizations provide
access to the dependence of the exchange field on the
impurity spin state as well as to the sign of the inter-
ference term. We note, however, that the observation of
exchange field effects in the current relies on large polar-
izations.
2. Frequency-dependent Fano factor
The effects of the exchange field switching on the I−V
characteristic occur only for large polarizations as oth-
erwise the spin blockade on the dot is too weak. An-
other method to gain information about the exchange
field which also works for smaller polarizations is to study
the frequency-dependent Fano factor.35
In Fig. 11, the frequency-dependent Fano factor is
shown for different bias voltages and different parameters
of the spin Hamiltonian. Parameters are chosen such that
for the smaller of the two bias voltages (black curves) the
impurity spin cannot be excited. For the larger bias volt-
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FIG. 11. (Color online) Frequency-dependent Fano factor for
moderate (p = 0.3, upper panel) and large (p = 0.9, lower
panel) polarizations. For p = 0.3, an external magnetic field
perpendicular Bext = 1.5Γ is applied to the quantum dot
alongs its quantization axis. Other parameters are the same
as in Fig. 9, except that now D = 0 and η = +1.
age, the impurity parameters allow an excitation of the
impurity spin only for the red solid curves while for the
red dashed curves the impurity still stays in the ground
state.
For large polarizations and voltages below the excita-
tion threshold, the finite-frequency noise shows a peak at
the Larmor frequency of the exchange field. As the im-
purity is in the ground state, the system is not sensitive
to the impurity parameters and both curves practically
coincide. If the bias is increased but the impurity stays in
the ground state, the absolute value of the exchange field
is slightly reduced, cf. lower panel of Fig. 3, resulting in
a small shift of the resonance signal toward smaller fre-
quencies. If the bias is increased and a switching of the
impurity spin occurs, we instead find that the exchange
field is significantly reduced, cf. Fig. 3, and therefore the
resonance peak is also shifted to much smaller frequen-
cies. Hence, by detecting the resonance frequency as a
function of bias voltage one can gain information about
the switching of the exchange field as a consequnce of the
switching of the impurity spin.
For small polarizations, the effect does not work the
same way as just described. Now, the exchange field just
changes sign upon switching the impurity spin, cf. Fig. 3.
Therefore, no clear shifting of the resonance position oc-
curs. To overcome this problem, an external magnetic
field of strength comparable to the exchange field can be
applied perpendicularly to the plane defined by the elec-
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FIG. 12. (Color online) Schematic of the conductance for the
situation where B  Γ, J . Γ. The lines indicate peaks in
the differential conductance.
trode magnetizations. Now, the position is defined by
the Larmor frequency of the total magnetic field while
the form of the resonance signal depends on the relative
angle between external field and exchange field as can be
seen in the upper panel of Fig. 11. If the impurity spin
stays in the ground state, a peak shows up in F (ω) while
a shoulder occurs at the Larmor frequency if the impu-
rity spin can be switched by the current. Hence, we have
shown that the switching of the exchange field can be
monitored also for moderate polarizations by measuring
the finite-frequency current noise for a series of applied
bias voltages.
VI. RESULTS - SMALL SPIN ON THE DOT
In this section, we discuss the transport properties of a
quantum-dot spin valve containing an additional spin 1/2
on the quantum dot. We will focus on the two transport
regimes (ii) and (v) introduced above, cf. Table II. In
these regimes, the exchange coupling is small, J . Γ,
making them particularly suited to describe the influence
of nuclear spins on transport through a quantum-dot spin
valve. In regime (ii), the externally applied magnetic field
B is much larger than the tunnel coupling between dot
and leads. In this regime, we show that the coherent
superpositions of the singlet and one of the triplet states
do not show up in the current. However, they do lead to
a signature in the finite-frequency Fano factor. In regime
(v), the external magnetic field is weak, B . Γ. In this
case, we discuss how to extract the exchange coupling and
external field from measurements of the finite-frequency
Fano factor.
A. Large magnetic field
We start our discussion with the case B  Γ, J . Γ,
where only superpositions of the singlet S and the triplet
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state T 0 are relevant. In Fig. 12 we show schematically
the differential conductance as a function of bias volt-
age V and level position ε. The thick black lines indi-
cate where a dot level is in resonance with either the
left or right Fermi energy. Hence, they separate the
Coulomb-blockaded regions from the regions where se-
quential through the dot is possible. For concreteness,
we will now discuss the sequence of transport processes
that come into play upon increasing the bias voltage for
a fixed level position ε = B/2. For small bias voltages,
transport is possible only through the states |0 ↓〉 and
|T−〉 as transitions from |0 ↓〉 to any of the other singly
occupied states are energetically forbidden while transi-
tions from |T−〉 to |0 ↑〉 are impossible as they violate
spin conservation.
When the bias voltage is increased across the blue
dashed line, the bias window becomes large enough to
also allow transitions from |0 ↓〉 to |T 0〉 and |S〉. As for
both of these states there is a finite probability to find the
impurity spin in state ↑, both, |T 0〉 and |S〉, can serve as
a starting point for a transition into the state |0 ↑〉 which
then allows transitions into state |T+〉. Hence, we find
that as soon as the bias is large enough to excite the
|0 ↓〉-|T 0〉 and |0 ↓〉-|S〉 transition, all empty and singly
occupied dot states contribute to transport.
Upon increasing the bias voltage further across the red
dashed line, another set of transport processes becomes
energetically possible. While transitions from singly oc-
cupied dot state with the lowest energy, |T−〉, to the
doubly occupied state |d ↓〉 are still not possible, it is
nevertheless possible to occupy the dot with two elec-
trons by taking as a starting point either |T 0〉 or |S〉.
Finally, when crossing another black line, the bias volt-
age is large enough to allow transitions between any two
dot states that conserve spin.
Approximating the Fermi function as step functions,
one can derive the following analytical expressions for the
current through the quantum dot in the different trans-
port regimes:
II =
ΓLΓR
ΓL + ΓR
=
1− a2
2
Γ, (6.1)
III =
2ΓLΓR
2ΓL + ΓR
=
2(1− a2)
3 + a
Γ, (6.2)
IIII =
ΓLΓR(ΓL + 2ΓR)
ΓL + ΓR
=
(3− a)(1− a2)
4
Γ, (6.3)
IIV =
2ΓLΓR
ΓL + ΓR
= (1− a2)Γ. (6.4)
The Fano factor at zero frequency is given by
FI =
Γ2L + Γ
2
R
(ΓL + ΓR)2
=
1
2
(1 + a2), (6.5)
FII =
4Γ2L + Γ
2
R
(2ΓL + ΓR)2
=
5 + 6a+ 5a2
(3 + a)2
, (6.6)
FIII =
Γ3L + 3Γ
2
LΓR + Γ
2
R
(ΓL + ΓR)3
=
1
8
(5 + 3a+ 3a2 − 3a3),
(6.7)
FIV =
Γ2L + Γ
2
R
(ΓL + ΓR)2
=
1
2
(1 + a2). (6.8)
It is interesting to note that these expressions are pre-
cisely the same as found by Thielmann et al.86 for trans-
port through a single-level quantum dot subject to a large
magnetic field coupled to normal leads. Hence, in the
chosen parameter regime, the current through the system
and the zero-frequency Fano factor are neither sensitive
to the presence of the impurity spin nor to the presence
of ferromagnetic leads. The absence of any magnetore-
sistance is due to the presence of the large external field
perpendicular to the plane spanned by the magnetiza-
tions which renders the system insensitive to the relative
orientation of the magnetizations in this plane.
The fact that the system is insensitive to the presence
of the impurity spin and to the coherent superpositions
between |S〉 and |T 0〉 deserves some further investiga-
tion. Typically in systems where coherent superpositions
of different states have to be taken into account as, e.g., a
normal quantum-dot spin valve32,33 or double quantum
dots,87 the current shows a nontrivial bias dependence
with broad regions of negative differential conductance
due to the energy-dependent level renormalization that
arises from virtual tunneling between the dot and the
leads. Such effects are clearly absent here. To under-
stand this behavior, we analyze the term describing the
isospin accumulation, Eq. (4.9), in more detail. Due to
the Fermi functions in this expression, a finite isospin ac-
cumulation can arise only in the regions marked III in
Fig. 12. When plugging in the expressions for the occu-
pation probabilities, we find however that(
dI
dt
)
acc
=
(
−ΓL Γ
2
LΓ
2
R
4(ΓL + ΓR)2(Γ2L + 2ΓLΓR + 2Γ
2
R)
+ΓR
Γ3LΓR
4(ΓL + ΓR)2(Γ2L + 2ΓLΓR + 2Γ
2
R)
)
ex = 0, (6.9)
i.e., the contributions to the isospin accumulation from
the left and right lead cancel precisely. In consequence,
the isospin vanishes on average in the stationary state
such that the aforementioned level renormalization ef-
fects cannot influence the current and zero-frequency
noise.
So far, it seems that the coherent superpositions of
|S〉 and |T 0〉 do not influence the transport through the
system at all, such that a description in terms of ordi-
nary rate equations which neglects the coherences suf-
fices. This is not true, however, as can be seen from the
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FIG. 13. (Color online) Finite-frequency Fano factor for dif-
ferent values of the exchange coupling J . The Fano factor
shows a peak at the Larmor frequency associated with the
exchange field. Parameters are ΓL = 2ΓR, kBT = 10ΓL,
B = 50kBT , U = 5B, ε = B/2 and V = 11B.
finite-frequency Fano factor, which is shown in Fig. 13.
Here, apart from the usual peak which arises at zero fre-
quency, the Fano factor additionally shows a peak asso-
ciated with the Larmor frequency of the exchange field in
Eq. (4.11). The coherent superpositions play a role here
as the finite-frequency noise is sensitive to the dynamics
of the dot spins while the current only captures stationary
properties of the quantum dot. While the contributions
form the left and right lead to the isospin accumulation
cancel on average, indivdual processes can nevertheless
give a finite isospin accumulation.
In contrast to the normal quantum-dot spin valve,
where the Larmor frequency associated with the ex-
change field depends on the level position and applied
bias voltage,35 we find that in the system under inves-
tigation here, the Larmor frequency is simply given by
the exchange coupling strength J . This is due to the fact
that the energy-dependent contributions to the exchange
field arise only in the x component which is parallel to the
isospin accumulating on the dot and hence cannot influ-
ence its precessional motion. The frequency-dependent
Fano factor may, therefore, be used to experimentally
determine the exchange coupling.
B. Small magnetic field
In the last section, we saw that coherent superposi-
tions can give rise to a signal in the frequency-dependent
Fano factor F (ω) which could be interpreted as the pre-
cession of the isospin with the Larmor frequency of the
exchange field. In the case where B, J . Γ, the situation
is more complicated as now superpositions between any
two states with the same number of electrons on the dot
have to be taken into account.
In Fig. 14, we show the finite-frequency Fano factor
F (ω) as a function of the frequency ω and the externally
applied magnetic field B for fixed exchange coupling J
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FIG. 14. (Color online) Frequency-dependent Fano factor as
a function of frequency and external magnetic field (upper
panel) or exchange coupling (lower panel). The level splittings
calculated for a system of two exchange coupled spins in a
magnetic field which is the sum of the exchange fields and the
external fields are indicated by dotted lines. Parameters are
J = 2Γ (upper panel), B = 2Γ (lower panel), ΓL = 10ΓR =
0.05kBT , ε = 50kBT , V = 105kBT , U = 150kBT , p = 0.9,
φ = pi/2.
and vice versa. In both cases, the Fano factor shows a
number of features at frequencies which all show a non-
trivial dependence on the external field B and the ex-
change coupling J . To gain a better understanding of
these features, we consider a simpel spin model for the
quantum dot. This is reasonable as the dot is singly oc-
cupied most of the time for the chosen parameters due
to the asymmetric coupling to the leads. We model the
dot as consisting of two spin 1/2 particles that are ex-
change coupled and subject to external magnetic fields.
While the impurity spin only couples to the externally
applied field, the electron spin additionally experiences
the exchange field generated by quantum charge fluctu-
ations on the dot. Hence, the Hamiltonian of our model
is given by
H = JS1 · S2 + B1 · S1 + B2 · S2, (6.10)
where B1 = Bex,LnL + Bex,RnR + Bez is the sum of
the external magnetic field and the exchange field while
B2 = Bez is simply given by the external field. To show
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that this is indeed the correct way to describe the quan-
tum dot system, in Appendix D we give the equation of
motion for the density matrix elements of the two spins.
Comparing them to the master equation for the quantum
dot system, Eqs. (4.14)-(4.19), shows the correspondence
between the two systems. The only difference is the ab-
sence of dissipative terms in the equations for the spin
model.
The differences between the energies of the various
eigenstates of Eq. (6.10) as a function of exchange cou-
pling and external field are indicated as black dotted lines
in Fig. 14. We find a nice agreement between these energy
differences and the features observed in the Fano factor.
On the one hand, this indicates that the finite-frequency
Fano factor is indeed sensitive to level splittings compa-
rable to the tunnel couplings which cannot be resolved
in the differential conductance as the conductance peaks
are broadened by temperature which satisfies Γ  kBT .
This can provide experimental access, e.g., to the cou-
pling between the dot and impurity spin.
On the other hand, our results nicely demonstrate that
the exchange field which arises due to virtual tunneling
processes and not due to stray fields from the ferromag-
netic leads, acts only on the electron spin but not on the
impurity spin. If one could measure the Fano factor at
finite frequency as computed above, one could therefore
clearly distinguish exchange field effects from stray field
effects as the latter ones would act in the same way on
both spins and thereby give rise to a trivial dependence
of the energy differences on the exchange coupling and
the external field.
VII. CONCLUSIONS
In this paper, we investigated transport through
quantum-dot spin valves containing magnetic impurities.
First, we considered the case where a large, anisotropic
impurity spin is localized in one of the tunneling bar-
rier. Our main focus was on the spin excitation and spin
switching on the impurity spin. We pointed out how
the Coulomb interaction on the dot allows a more de-
tailed spectroscopy of the impurity spin. For magnetic
electrodes, the spin-polarized current through the sys-
tem can switch the spin of the impurity. As the state
of the impurity spin influences the current, an interplay
between the current and the impurity arises which gives
rise to a series of positive and negative differential con-
ductance as a function of bias voltage. We, furthermore,
found that the dynamics of the impurity spin gives rise
to a random telegraph signal associated with a huge Fano
factor. Additionally, we found that for tunneling through
the barrier containing the impurity interference between
direct and exchange tunneling takes place even for non-
magnetic systems. This is in contrast to tunnel barriers
where such interference effects arise only for magnetic
electrodes. Finally, we found that the exchange field act-
ing on the dot spin becomes dependent on the impurity
spin state. This dependence allows the observation of
the impurity switching in the current as well as in the
finite-frequency noise for noncollinear magnetizations.
Second, we considered a spin 1/2 impurity localized on
the dot in the regime of small exchange coupling to the
electron spin. Here, our main focus was on the coherent
spin dynamics on the quantum dot. For a large exter-
nal magnetic field, only coherent superpositions between
the singlet |S〉 and triplet |T 0〉 are relevant. However,
they influence neither the current nor the zero-frequency
noise as they vanish in the stationary state. Neverthe-
less, as the superpositions can be excited, they give rise
to a signal in the finite-frequency noise at ω = J . For
small external magnetic fields, all coherences have to be
taken into account. They give rise to a large number of
features in the finite-frequency noise. These provide in-
formations about the level splittings that are influenced
by renormalization effects due to virtual tunneling to the
leads.
To summarize, we found that in both cases, for the
large as well as for the small impurity spin, there is an in-
tricate interplay between the electron and impurity spin
that manifests itself in the transport properties of the sys-
tem. The details of of this interplay vary, however. The
large impurity spin does not show any coherent dynamics
in the sequential tunneling regime as its level splittings
generated by the anisotropy are large compared to the
tunnel couplings and the temperature. In consequence,
these splittings can be resolved in the current which also
allows to study the current-induced switching of the im-
purity. In contrast, for a small impurity spin, both, the
electron and the impurity spin behave as one object that
displays a coherent dynamics as level splittings are of the
order of the tunnel coupling. Clear signatures of this dy-
namics can be found in the finite-frequency noise that
allows to resolve level splittings of the order Γ kBT .
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Appendix A: Diagrammatic rules
In this appendix, we summarize the diagrammatic
rules to evaluate the self-energies entering the general-
ized master Eq. (3.1) and the expressions for the current
in Eq. (3.4) and current noise in Eq. (3.5). To compute
the self-energy W
χ1χ
′
1
χ2χ′2
,
1. Draw all topological different diagrams with tun-
neling lines connecting vertices on either the same
or opposite propagators. Assign to the four corners
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and all propagators states χ and corresponding en-
ergies Eχ as well as an energy ω for every tunneling
line.
2. For each part of the diagram between adjacent ver-
tices, assign a resolvent 1/(∆E + i0+) where ∆E
is the difference between the energies of left- and
right-going tunneling lines and propagators.
3. For each tunneling line, the diagram acquires a fac-
tor of 12pif
±
r (ω), where the sign is determined by
whether the line runs forward (-) or backward (+)
with respect to the Keldysh contour.
4. For each pair of vertices connected by
a tunneling line the diagram is multi-
plied by 1+p2 ρr〈χ′i|Cr↑|χi〉〈χ′f|C†r↑|χf〉 +
1−p
2 ρr〈χ′i|Cr↓|χi〉〈χ′f|C†r↓|χf〉, where χi and χ′i
(χf and χ
′
f) are the states that enter and leave
the vertex the tunneling line begins (ends) at,
respectively. The operators Cr↑ and Cr↓ are the
coefficients (including the dot operators!) of a†rk+
and a†rk− in the tunnel Hamiltonians (2.5), (2.6)
and (2.9), respectively.
5. Each vertex connecting the states d and ↓ gives rise
to a factor of −1.
6. The diagram obtains a factor (−i)(−1)a+b, where
a is the number of vertices on the lower propagator
and b is the number of crossings of tunneling lines.
7. Sum over all leads r and integrate over all energies
ω.
The diagrams for W
Iχ1χ
′
1
χ2χ′2
and W
IIχ1χ
′
1
χ2χ′2
are obtained by
replacing one, respectively two tunneling vertices by cur-
rent vertices. These give rise to a factor of +1/2 (-1/2)
if the vertex is on the upper (lower) branch and corre-
sponds to an electron tunneling into the right (left) lead
or out off the left (right) lead.
Appendix B: Master equation
1. Model A: Large spin in the barrier
In this appendix, we give explicit expressions for the
various quantities that occurred in the master equations
for the occupation probabilities and the spin, Eqs. (4.2)
and (4.3) of model A, i.e., a quantum-dot spin valve with
an impurity spin embedded in the right tunnel barrier.
Introducing γ = ΓR +m
2JR + 2mpη
√
ΓRJR, γ˜ = pΓR +
m2pJR+2mη
√
ΓRJR, α± = B+(2m±1)D, and A±(m) =
S(S + 1)−m(m± 1), we find for the coupling to the left
lead
W
(0)
L = ΓL
 −2f+L (ε) f−L (ε) 02f+L (ε) −f−L (ε)− f+L (ε+ U) 2f−L (ε+ U)
0 f+L (ε+ U) −f−L (ε+ U)
 , (B1)
V
(0)
L = 2pΓL
 f−L (ε)−f−L (ε) + f+L (ε+ U)
−f+L (ε+ U)
 , (B2)
(
dsm
dt
)(0)
acc,L
= pΓL
(
f+L (ε)P0,m −
f−L ()− f+L (ε+ U)
2
P1,m − f−L (ε+ U)Pd,m
)
nL, (B3)
(
dsm
dt
)(0)
rel,L
= −ΓL
(
f−L (ε) + f
+
L (ε+ U)
)
sm, (B4)
which is identical to the expressions found for the ordinary quantum-dot spin valve in Ref. 33. For the coupling to
the right lead, we have
W
(0)
R =
 W
(0)
R,00 γf
−
R (ε) 0
2γf+R (ε) W
(0)
R,11 2γf
−
R (ε+ U)
0 γf+R (ε+ U) W
(0)
R,dd
 , (B5)
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where the diagonal matrix elements are determined by the sum rule eTW = 0,
V
(0)
R = 2

γf−R (ε)
γ˜
[−f−R (ε) + f+R (ε+ U)]+A+(m− 1)JR [ 1+p2 f−R (ε− α−) + 1−p2 f+R (ε+ U + α−)]
−A−(m+ 1)JR
[
1−p
2 f
−
R (ε+ α+) +
1+p
2 f
+
R (ε+ U − α+]
)
γf+R (ε+ U)
 , (B6)
W
(+1)
R = A−(m+ 1)JR
 0 1+p2 f−R (ε− α+) 0(1− p)f+R (ε+ α+) 0 (1 + p)f−R (ε+ U − α+)
0 1−p2 f
+
R (ε+ U + α+) 0
 , (B7)
V
(+1)
R = A−(m+ 1)JR
 −(1 + p)f−R (ε− α+)0
−(1− p)f+R (ε+ U + α+)
 , (B8)
W
(−1)
R = A+(m− 1)JR
 0 1−p2 f−R (ε+ α−) 0(1 + p)f+R (ε− α−) 0 (1− p)f−R (ε+ U + α−)
0 1+p2 f
+
R (ε+ U − α−) 0
 , (B9)
V
(−1)
R = A+(m− 1)JR
 (1− p)f−R (ε+ α−)0
(1 + p)f+R (ε+ U − α−)
 , (B10)
(
dsm
dt
)(0)
acc,R
=
{
γ˜f+R (ε)P0,m − γ˜f−R (ε+ U)Pd,m +
[
γ˜
−f−R (ε) + f+R (ε+ U)
2
+A+(m− 1)JR
2
(
1 + p
2
f−R (ε− α−) +
1− p
2
f+R (ε+ U + α−)
)
−A−(m+ 1)JR
2
(
1− p
2
f−R (ε+ α+) +
1 + p
2
f+R (ε+ U − α+)
)]
P1,m
}
nR, (B11)
(
dsm
dt
)(+1)
acc,R
= A−(m+ 1)JR
[
(1− p)f+R (ε+ α+)P0,m+1 + (1 + p)f−R (ε+ U − α+)Pd,m+1
]
nR, (B12)
(
dsm
dt
)(−1)
acc,R
= −A+(m− 1)JR
[
(1 + p)f+R (ε− α−)P0,m−1 + (1− p)f−R (ε+ U + α−)Pd,m−1
]
nR, (B13)
(
dsm
dt
)(0)
rel,R
= −
[
γ(f−R (ε) + f
+
R (ε+ U)) +A+(m− 1)JR
(
1 + p
2
f−R (ε− α−) +
1− p
2
f+R (ε+ U + α−)
)
+A−(m+ 1)JR
(
1− p
2
f−R (ε+ α+) +
1 + p
2
f+R (ε+ U − α+)
)]
sm. (B14)
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2. Model B: Small spin on the dot
The vector V occurring in the master Eq. (4.7) of model B, i.e., the quantum-dot spin valve containing a spin 1/2
on the dot is given by
V =
∑
r
Γr

−f−r (ε−B/2)
f−r (ε+B/2)
0
f−r (ε−B/2)− f−r (ε+B/2) + f+r (ε+ U +B/2)− f+r (ε+ U −B/2)
0
−f+r (ε+ U +B/2)
f+r (ε+ U −B/2)

. (B15)
Appendix C: Density matrix elements
In this section, we give the relation between the phys-
ical quantities introduced in Sec. IV B 2 and the density
matrix elements in Eq. (4.6). For the occupation proba-
bilities of the dot we have
P0 = P0↑ + P0↓, (C1)
P1 = PT+ + PT 0 + PT− + PS , (C2)
Pd = Pd↑ + Pd↓. (C3)
For the expectation values of the impurity spin when the
dot is empty, we get
S0x = ReP
0↓
0↑ , (C4)
S0y = ImP
0↓
0↑ , (C5)
S0z =
P0↑ − P0↓
2
. (C6)
When the dot is singly occupied, we have
S2x =
−RePST− + RePST+ + RePT
0
T− + ReP
T 0
T+√
2
, (C7)
S2y =
ImPST− + ImP
S
T+ + ImP
T 0
T+ − ImPT
0
T−√
2
, (C8)
S2z =
PT+ − PT− − 2 RePST 0
2
, (C9)
and for the doubly occupied dot, we find
Sdx = ReP
d↓
d↑ , (C10)
Sdy = ImP
d↓
d↑ , (C11)
Sdz =
Pd↑ − Pd↓
2
. (C12)
The expectation value of the electron spin on the dot can
be expressed as
S1x =
RePST− − RePST+ + RePT
0
T− + ReP
T 0
T+√
2
, (C13)
S1y =
− ImPST− − ImPST+ + ImPT
0
T+ − ImPT
0
T−√
2
, (C14)
S1z =
PT+ − PT− + 2 RePST 0
2
. (C15)
For the scalar product of the electron and impurity spin,
we find
S1 · S2 = PT+ + PT 0 + PT− − 3PS
4
, (C16)
while for their vector product, we get
(S1 × S2)x =
ImPST− − ImPST+√
2
, (C17)
(S1 × S2)y =
RePST+ + ReP
S
T−√
2
, (C18)
(S1 × S2)z = ImPST 0 . (C19)
Finally, the quadrupole moments are given by
Qxx =
2PT 0 − PT− − PT+ + 6 RePT−T+
12
, (C20)
Qyy =
2PT 0 − PT− − PT+ − 6 RePT−T+
12
, (C21)
Qzz =
PT+ − 2PT 0 + PT−
6
, (C22)
Qxy =
ImPT
−
T+
2
, (C23)
Qxz =
−RePT 0T− + RePT
0
T+
2
√
2
, (C24)
Qyz =
ImPT
0
T− + ImP
T 0
T+
2
√
2
. (C25)
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Appendix D: Equation of motion for two spin 1/2
particles
The equations of motion of two exchange-coupled spins
S1 and S2 subject to magnetic fields B1 and B2, respec-
tively, as described by the Hamiltonian (6.10) are given
by
dS1
dt
= −S1 ×B1 − J(S1 × S2), (D1)
dS2
dt
= −S2 ×B2 + J(S1 × S2), (D2)
d
dt
(S1 · S2) = (S1 × S2) · (B1 −B2), (D3)
d
dt
(S1 × S2) = −1
2
(S1 × S2)× (B1 + B2) +
(
Q− 2
3
(S1 · S2)
)
· (B1 −B2) + J
2
(S1 − S2), (D4)
d
dt
Qij = −1
2
(
1
2
(S1 × S2)i(B1 −B2)j + 1
2
(S1 × S2)j(B1 −B2)i − 1
3
(S1 × S2) · (B1 −B2)δij
)
− 1
2
εilmQlj(B1 + B2)m − 1
2
εjlmQli(B1 + B2)m. (D5)
It is interesting to note that some terms contain the sum
of the two magnetic field while other couple to the differ-
ence. In consequence, for the quantum-dot system under
investigation, some terms are only sensitive to the ex-
change field as the external field acts on both spins in
the same way, while other terms are sensitive to both
field contributions.
1 K. Hamaya, S. Masubuchi, M. Kawamura, T. Machida,
M. Jung, K. Shibata, K. Hirakawa, T. Taniyama, S. Ishida,
and Y. Arakawa, Appl. Phys. Lett. 90, 053108 (2007).
2 K. Hamaya, M. Kitabatake, K. Shibata, M. Jung,
M. Kawamura, K. Hirakawa, T. Machida, T. Taniyama,
S. Ishida, and Y. Arakawa, Appl. Phys. Lett. 91, 022107
(2007).
3 K. Hamaya, M. Kitabatake, K. Shibata, M. Jung,
M. Kawamura, K. Hirakawa, T. Machida, T. Taniyama,
S. Ishida, and Y. Arakawa, Appl. Phys. Lett. 91, 232105
(2007).
4 K. Hamaya, M. Kitabatake, K. Shibata, M. Jung,
M. Kawamura, S. Ishida, T. Taniyama, K. Hirakawa,
Y. Arakawa, and T. Machida, Phys. Rev. B 77, 081302
(2008).
5 K. Hamaya, M. Kitabatake, K. Shibata, M. Jung,
M. Kawamura, S. Ishida, T. Taniyama, K. Hirakawa,
Y. Arakawa, and T. Machida, Appl. Phys. Lett. 93, 222107
(2008).
6 M. M. Deshmukh and D. C. Ralph, Phys. Rev. Lett. 89,
266803 (2002).
7 A. Bernand-Mantel, P. Seneor, N. Lidgi, M. Munoz,
V. Cros, S. Fusil, K. Bouzehouane, C. Deranlot, A. Vau-
res, F. Petroff, and A. Fert, Appl. Phys. Lett. 89, 062502
(2006).
8 S. Mitani, Y. Nogi, H. Wang, K. Yakushiji, F. Ernult, and
K. Takanashi, Appl. Phys. Lett. 92, 152509 (2008).
9 A. Bernand-Mantel, P. Seneor, K. Bouzehouane, S. Fusil,
C. Deranlot, F. Petroff, and A. Fert, Nat. Phys. 5, 920
(2009).
10 F. T. Birk and D. Davidovic´, Phys. Rev. B 81, 241402
(2010).
11 L. Hofstetter, A. Geresdi, M. Aagesen, J. Nyg˚ard,
C. Scho¨nenberger, and S. Csonka, Phys. Rev. Lett. 104,
246804 (2010).
12 A. Jensen, J. Nyg˚ard, and J. Borggreen, in Proceedings
of the International Symposium on Mesoscopic Supercon-
ductivity and Spintronics, edited by H. Takayanagi and
J. Nitta (World Scientific, Singapore, 2003) pp. 33–37.
13 S. Sahoo, T. Kontos, J. Furer, C. Hoffmann, M. Graber,
A. Cottet, and C. Scho¨nenberger, Nat. Phys. 1, 99 (2005).
14 A. Jensen, J. R. Hauptmann, J. Nyg˚ard, J. Sadowski, and
P. E. Lindelof, Nano Lett. 4, 349 (2004).
15 J. R. Hauptmann, J. Paaske, and P. E. Lindelof, Nat. Phys.
4, 373 (2008).
16 C. A. Merchant and N. Markovic, in Proceedings of the 53rd
annual conference on magnetism and magnetic materials,
Vol. 105 (AIP, Austin, Texas (USA), 2009) p. 07C711.
17 A. N. Pasupathy, R. C. Bialczak, J. Martinek, J. E. Grose,
L. A. K. Donev, P. L. McEuen, and D. C. Ralph, Science
306, 86 (2004).
18 B. R. Bu lka, Phys. Rev. B 62, 1186 (2000).
19 I. Weymann, J. Barnas´, J. Ko¨nig, J. Martinek, and
G. Scho¨n, Phys. Rev. B 72, 113301 (2005).
20 I. Weymann, J. Ko¨nig, J. Martinek, J. Barnas´, and
G. Scho¨n, Phys. Rev. B 72, 115334 (2005).
21 I. Weymann, Europhys. Lett. 76, 1200 (2006).
22 J. Fransson, Europhys. Lett. 70, 796 (2005).
24
23 J. Fransson, Phys. Rev. B 72, 045415 (2005).
24 A. Cottet, W. Belzig, and C. Bruder, Phys. Rev. Lett. 92,
206801 (2004).
25 A. Cottet, W. Belzig, and C. Bruder, Phys. Rev. B 70,
115315 (2004).
26 A. Cottet and M. Choi, Phys. Rev. B 74, 235316 (2006).
27 J. Martinek, Y. Utsumi, H. Imamura, J. Barnas´,
S. Maekawa, J. Ko¨nig, and G. Scho¨n, Phys. Rev. Lett.
91, 127203 (2003).
28 J. Martinek, M. Sindel, L. Borda, J. Barnas´, J. Ko¨nig,
G. Scho¨n, and J. von Delft, Phys. Rev. Lett. 91, 247202
(2003).
29 J. Martinek, M. Sindel, L. Borda, J. Barnas´, R. Bulla,
J. Ko¨nig, G. Scho¨n, S. Maekawa, and J. von Delft, Phys.
Rev. B 72, 121302 (2005).
30 M. Sindel, L. Borda, J. Martinek, R. Bulla, J. Ko¨nig,
G. Scho¨n, S. Maekawa, and J. von Delft, Phys. Rev. B
76, 045321 (2007).
31 P. Simon, P. S. Cornaglia, D. Feinberg, and C. A. Balseiro,
Phys. Rev. B 75, 045310 (2007).
32 J. Ko¨nig and J. Martinek, Phys. Rev. Lett. 90, 166602
(2003).
33 M. Braun, J. Ko¨nig, and J. Martinek, Phys. Rev. B 70,
195345 (2004).
34 Y. Utsumi, J. Martinek, G. Scho¨n, H. Imamura, and
S. Maekawa, Phys. Rev. B 71, 245116 (2005).
35 M. Braun, J. Ko¨nig, and J. Martinek, Phys. Rev. B 74,
075328 (2006).
36 I. Weymann and J. Barnas´, Phys. Rev. B 75, 155308
(2007).
37 J. Splettstoesser, M. Governale, and J. Ko¨nig, Phys. Rev.
B 77, 195320 (2008).
38 S. Lindebaum, D. Urban, and J. Ko¨nig, Phys. Rev. B 79,
245303 (2009).
39 B. Sothmann, D. Futterer, M. Governale, and J. Ko¨nig,
Phys. Rev. B 82, 094514 (2010).
40 B. Sothmann, J. Ko¨nig, and A. Kadigrobov,
arXiv:1008.0948v1 (2010).
41 G. Kim and T. Kim, Phys. Rev. Lett. 92, 137203 (2004).
42 M. Misiorny and J. Barnas´, Europhys. Lett. 78, 27003
(2007).
43 M. Misiorny and J. Barnas´, Phys. Rev. B 75, 134425
(2007).
44 J. Ferna´ndez-Rossier, Phys. Rev. Lett. 102, 256802 (2009).
45 J. Fransson, Nano Lett. 9, 2414 (2009).
46 M. Persson, Phys. Rev. Lett. 103, 050801 (2009).
47 N. Lorente and J. Gauyacq, Phys. Rev. Lett. 103, 176601
(2009).
48 F. Delgado, J. J. Palacios, and J. Ferna´ndez-Rossier, Phys.
Rev. Lett. 104, 026601 (2010).
49 B. Sothmann and J. Ko¨nig, New J. Phys. 12, 083028
(2010).
50 A. J. Heinrich, J. A. Gupta, C. P. Lutz, and D. M. Eigler,
Science 306, 466 (2004).
51 C. F. Hirjibehedin, C. P. Lutz, and A. J. Heinrich, Science
312, 1021 (2006).
52 F. Meier, L. Zhou, J. Wiebe, and R. Wiesendanger, Science
320, 82 (2008).
53 C. F. Hirjibehedin, C. Lin, A. F. Otte, M. Ternes, C. P.
Lutz, B. A. Jones, and A. J. Heinrich, Science 317, 1199
(2007).
54 A. F. Otte, M. Ternes, K. von Bergmann, S. Loth,
H. Brune, C. P. Lutz, C. F. Hirjibehedin, and A. J. Hein-
rich, Nat. Phys. 4, 847 (2008).
55 A. F. Otte, M. Ternes, S. Loth, C. P. Lutz, C. F. Hir-
jibehedin, and A. J. Heinrich, Phys. Rev. Lett. 103, 107203
(2009).
56 S. Loth, K. von Bergmann, M. Ternes, A. F. Otte, C. P.
Lutz, and A. J. Heinrich, Nat. Phys. 6, 340 (2010).
57 Y. M. Galperin, V. I. Kozub, and V. M. Vinokur, Phys.
Rev. B 70, 033405 (2004).
58 L. D. Contreras-Pulido and R. Aguado, Phys. Rev. B 81,
161309 (2010).
59 J. Ferna´ndez-Rossier and R. Aguado, Phys. Rev. Lett. 98,
106805 (2007).
60 K. Ono and S. Tarucha, Phys. Rev. Lett. 92, 256803
(2004).
61 F. H. L. Koppens, C. Buizert, K. J. Tielrooij, I. T. Vink,
K. C. Nowack, T. Meunier, L. P. Kouwenhoven, and
L. M. K. Vandersypen, Nature 442, 766 (2006).
62 J. In˜arrea, G. Platero, and A. H. MacDonald, Phys. Rev.
B 76, 085329 (2007).
63 S. Nadj-Perge, S. M. Frolov, J. W. W. van Tilburg,
J. Danon, Y. V. Nazarov, R. Algra, E. P. A. M. Bakkers,
and L. P. Kouwenhoven, Phys. Rev. B 81, 201305 (2010).
64 W. A. Coish and D. Loss, Phys. Rev. B 75, 161302 (2007).
65 M. S. Rudner and L. S. Levitov, Phys. Rev. Lett. 99,
036602 (2007).
66 M. S. Rudner and L. S. Levitov, Phys. Rev. Lett. 99,
246602 (2007).
67 J. R. Petta, J. M. Taylor, A. C. Johnson, A. Yacoby, M. D.
Lukin, C. M. Marcus, M. P. Hanson, and A. C. Gossard,
Phys. Rev. Lett. 100, 067601 (2008).
68 J. In˜arrea, C. Lopez-Monis, and G. Platero, Appl. Phys.
Lett. 94, 252106 (2009).
69 G. Kiesslich, G. Schaller, C. Emary, and T. Brandes, Appl.
Phys. Lett. 95, 152104 (2009).
70 M. Baumga¨rtel, M. Hell, S. Das, and M. R. Wegewijs,
arXiv:1009.5874 (2010).
71 J. Ko¨nig, H. Schoeller, and G. Scho¨n, Phys. Rev. Lett. 76,
1715 (1996).
72 J. Ko¨nig, J. Schmid, H. Schoeller, and G. Scho¨n, Phys.
Rev. B 54, 16820 (1996).
73 H. Schoeller, Transport theory of interacting quantum dots,
Habilitation thesis (Universita¨t Karlsruhe, 1997).
74 J. Ko¨nig, Quantum Fluctuations in the Single-Electron
Transistor (Shaker, Aachen, 1999).
75 A. R. Edmunds, Angular Momentum in Quantum Mechan-
ics, reissue ed. (Princeton University Press, 1996) ISBN
0691025894.
76 J. Appelbaum, Phys. Rev. Lett. 17, 91 (1966).
77 J. A. Appelbaum, Phys. Rev. 154, 633 (1967).
78 J. Fransson, O. Eriksson, and A. V. Balatsky, Phys. Rev.
B 81, 115454 (2010).
79 J. J. Parks, A. R. Champagne, T. A. Costi, W. W. Shum,
A. N. Pasupathy, E. Neuscamman, S. Flores-Torres, P. S.
Cornaglia, A. A. Aligia, C. A. Balseiro, G. K. Chan, H. D.
Abruna, and D. C. Ralph, Science 328, 1370 (2010).
80 A. S. Zyazin, J. W. G. van den Berg, E. A. Osorio, H. S. J.
van der Zant, N. P. Konstantinidis, M. Leijnse, M. R.
Wegewijs, F. May, W. Hofstetter, C. Danieli, and A. Cor-
nia, Nano Lett. 10, 3307 (2010).
81 M. Jo, J. E. Grose, K. Baheti, M. M. Deshmukh, J. J.
Sokol, E. M. Rumberger, D. N. Hendrickson, J. R. Long,
H. Park, and D. C. Ralph, Nano Lett. 6, 2014 (2006).
82 D. J. Monsma and S. S. P. Parkin, Appl. Phys. Lett. 77,
720 (2000).
83 N. Nishiguchi, Phys. Rev. Lett. 89, 066802 (2002).
25
84 J. Koch, F. von Oppen, and A. V. Andreev, Phys. Rev. B
74, 205438 (2006).
85 D. Urban and J. Ko¨nig, Phys. Rev. B 79, 165319 (2009).
86 A. Thielmann, M. H. Hettler, J. Ko¨nig, and G. Scho¨n,
Phys. Rev. B 68, 115105 (2003).
87 B. Wunsch, M. Braun, J. Ko¨nig, and D. Pfannkuche, Phys.
Rev. B 72, 205319 (2005).
